Dipendra Prasad
The following is an expanded version of the notes for a survey lecture on the theta correspondence given at Trichy in January, 1996. The aim of this lecture was to give an idea of this theory and some of the directions in which the theory has been developing. Perhaps some of the material contained in sections 2,3 and 9 is new.
The theory of theta correspondence gives one of the few general methods of constructing automorphic forms of groups over number fields, or admissible representations of groups over local fields. The method has its origin in the classical construction of theta functions which are modular forms-perhaps of half integral weight on the upper half plane. Here is a special case of this:
Let q be a positive definite quadratic form on a lattice L ⊆ I R n , q : L → Z Z. Let p be a homogeneous polynomial on I R n which is harmonic with respect to q, i.e. ∆ q p = 0 where ∆ q denotes the Laplacian with respect to q (∆ q is the unique homogeneous differential operator of order 2 invariant under the orthogonal group of q). Then,
is a modular form on the upper half plane of weight n 2 + deg p. It is a cusp form whenever the polynomial p is of positive degree.
We refer the reader to the original papers of Howe [Ho1] , [Ho2] , [Ho3] , of Weil [We1] , [We2] , the book of Gelbart [Ge1] for the onedimensional case, the book of Moeglin-Vigneras-Waldspurger [MVW] for a comprehensive account of the local theory, and the exposition of Gelbart [Ge2] as well as an earlier exposition of the author [P1] for more details on theta correspondence. Acknowledgement : The work on this paper was begun during a trip of the author to MSRI, Berkeley in 1995, and was completed during a stay at Max-Planck-Institute, Bonn in 1996. The author would like to thank these Institutions for the support, and excellent working conditions which made this work possible.
Construction of the Weil Representation
Let k be a field which is not of characteristic 2, and is either a local field or a finite field, and let W be a finite dimensional vector space over k together with a non-degenerate symplectic form:
Define the Heisenberg group H(W ) = {(w, t)|w ∈ W, t ∈ k} with the law of multiplication :
(w 1 , t 1 ) . (w 2 , t 2 ) = (w 1 + w 2 , t 1 + t 2 + 1 2 < w 1 , w 2 >).
The Heisenberg group is a central extension of W by k :
The most important property about the representation theory of the Heisenberg group is the following uniqueness theorem due to Stone and von Neumann.
Theorem 1 For any non-trivial character ψ : k → C I * , there exists a unique irreducible representation ρ ψ of H(W ) on which k ⊆ H(W ) acts by ψ. Now we observe that the symplectic group Sp(W ) operates on H(W ) by g(w, t) = (gw, t). By the uniqueness of ρ ψ , Sp(W ) acts by intertwining operators on ρ ψ . Namely, there exists ω ψ (g), unique up to scalars, such that
The map g → ω ψ (g) is a projective representation of the symplectic group Sp(W ), and gives rise to an ordinary representation of a two fold covering of Sp(W ). We will denote this two fold cover by Sp(W ), and the representation of it so obtained again by ω ψ (g). The group Sp(W ) is called the metaplectic group, and the representation ω ψ (g) the Weil or metaplectic representation. In this paper we will often abuse terminology to call the Weil representation of the metaplectic group Sp(W ) as simply the Weil representation of the symplectic group Sp(W ).
Remark 1: If W is a symplectic vector space over a separable field extension K of a local field k, then tr <, > gives a symplectic structure on W with its k vector space structure, to be denoted by ) . Obvious as these properties are, the reader will of course notice how special these are to the Weil representation: that their restriction to such small subgroups remains of finite length.
Explicit realisation of the Weil representation
Let W = X ⊕ Y where X and Y are subspaces of W on which the symplectic form is identically zero. The Weil representation of Sp(W ) can be realised on the Schwarz space S(X) which is the space of locally constant, compactly supported functions on X if k is non-Archimedean, and has the usual definition if k is Archimedean; the action of Sp(W ) on S(X) is as follows:
where γ is an 8-th root of unity, andf denotes the Fourier transform of f , and ψ is a non-trivial additive character of k.
Remark 2: It will be interesting to construct a model of the Weil representation which is defined over a number field. Since all the known models require the additive character ψ in an essential way, it does not seem obvious if it can be done at all. We note that the Weil representation of SL(2) can be defined over a number field because it is sum of its even and odd pieces, both of which are defined over number fields: the even piece because it occurs in an explicit principal series, and the odd piece because it is induced from compact open subgroup.
K-type of the Weil representation
The decomposition of a representation of a p-adic group when restricted to a maximal compact subgroup is an important information used in the representation theory of p-adic groups. In this section we carry out this decomposition for the Weil representation of Sp(W ) where W is a symplectic vector space of dimension 2n over a non-Archimedean local field k. We let < ., . > denote the symplectic form on W , and let ψ be the character of k of conductor 0 used in the definition of the Weil representation. The investigation in this section is in response to a question of B.H.Gross. We will assume that the cardinality of the residue field of k is q which is odd so that the metaplectic covering splits over the maximal compact subgroup Sp(L) of Sp(W ) stabilising a lattice L on which the symplectic form < ., . > is non-degenerate. The Weil representation of Sp(W ) becomes a representation of Sp(L). Let Γ(i) be the standard
. We will prove the following theorem in this section.
Theorem 2 The Weil representation ω of Sp(W ) when restricted to the compact open subgroup Sp(L) decomposes as the sum of irreducible representations as follows:
where ω 0 is the trivial representation of Sp(L), and ω
Proof : The proof of this theorem will be carried out in the lattice model of the Weil representation, cf. [MVW] , which is most suitable for the study of K-types. We recall that the Weil representation of Sp(W ) in this model is realised on the space S L,ψ (W ) of locally constant compactly supported functions on W such that
for all x ∈ W , and a ∈ L. The action of an element g of Sp(L) on a function f in S L,ψ (W ) is given by
Let S m ⊂ S L,ψ (W ) be the subspace of functions on W which are supported on π −m L. From the functional equation f (x + a) = ψ(< x, a >)f (x), we find that the functions in S m are invariant under translation by π m L, and therefore S m can be thought of as a space
Define S + m (resp. S − m ) to be the subspace of S m consisting of even (resp. odd) functions. Define ω
Clearly, Γ leaves S m , S + m , S − m invariant, and it is easy to see that Γ(2m) acts trivially on S m . Since Γ(m)/Γ(2m) is an abelian group, it acts by characters which we now find. Let g = 1+π m γ ∈ Γ(m), f ∈ S m , and
It follows that the action of Γ(m)/Γ(2m) on S m is via the characters
, these must therefore be irreducible, proving the decomposition
Character of the Weil representation for SL(2)
In this section we calculate the character of the Weil representation of SL(2, F ) for a non-Archimedean local field F . Because of the relation of the character formula obtained in this case to transfer factors, it would be very interesting to calculate the character of the Weil representation of the general symplectic group. For some work along this direction in the Archimedean case, see [Ad2] . The calculation of the character will be done in 2 steps. The first step consists in identifying those characters of E 1 (the subgroup of norm 1 elements of a quadratic extension E of F ) which appear in the Weil representation. The answer is in terms of an epsilon factor. This is a result due to Rogawski [Ro] , based on an earlier work of Moen. Next we need to add all the characters of E 1 which appear in the Weil representation to find the character of the Weil representation restricted to E 1 . This kind of summation of characters was done by the author (for a different purpose!) in [P2] . We set up some notation now.
Let E be a quadratic field extension of the local field F with ω E/F , the quadratic character of F * associated to E by local class field theory. The group E 1 of norm 1 elements of E is contained in SL(2, F ), and the metaplectic cover of SL(2, F ) splits over E 1 . However, there is no natural choice for this splitting. For each character γ of E * whose restriction to F * is ω E/F , one can construct such a splitting. Let ψ be an additive character of F and δ be an element of E * with tr(δ) = 0. This choice of δ gives rise to a symplectic structure on the 2-dimensional F vector space E : x, y → tr(δxȳ). Let ω(ψ, δ) denote the Weil representation of SL(2, F ) associated to the additive character ψ and this symplectic structure on E. Let ω(γ, ψ, δ) denote the restriction of ω(ψ, δ) to E 1 via the splitting given by γ. The following theorem is due to Rogawski [Ro, Prop. 3.4] .
Theorem 3 Let χ be a character of E 1 . Then χ appears in ω(γ, ψ, δ) if and only if (γχ
The following theorem is Lemma 3.1 of [P2] proved there only for odd residue characteristic.
Theorem 4 For the character
where, as is usual, the summation on the left is by partial sums over all characters of E * of conductor ≤ n.
, it is easy to see that the above two theorems imply the following.
Theorem 5 The character of the Weil representation ω(γ, ψ, δ) at an element y = x/x ∈ E 1 is equal to
Remark 1: We note that any 2 of the theorems of this section implies the third. Theorem 3 is valid for any residue characteristic, but Theorem 4 is known only for odd residue characteristic, and therefore Theorem 5 is available only in odd residue characteristic.
Remark 2 : One can use Remark 2 of section 1 together with the character formula for the Weil representation of SL (2) to calculate the character of the Weil representation at many elements of Sp(n) for general n. This presumes of course that, in the notation of that remark, the restriction of the character of Sp(R K/k W ) to Sp(W ) is the character of the Weil representation of Sp(W ), which can be justified.
Dual reductive pairs and the local theta correspondence
Definition: A pair of subgroups (G 1 , G 2 ) in Sp(W ) is called a dual reductive pair if
2. G 1 and G 2 are reductive groups, i.e., any G 1 invariant subspace of W has a G 1 -invariant complement; similarly for G 2 .
We refer to [MVW] and [P1] for a detailed discussion on dual reductive pairs. Here we only note the following examples.
(i) Let V be an orthogonal space (i.e. a finite dimensional vector space over k with a non-degenerate quadratic form), and let W be a symplectic space. Then V ⊗ W is a symplectic space in natural way, and we have a map
The pair (O(V ), Sp(W )) is a dual reductive pair.
(ii) Let K be a quadratic extension of k, V a Hermitian and W a skew-Hermitian space over K. Then the k-vector space V ⊗ K W is naturally a symplectic space under the pairing
and gives rise to a dual reductive pair (
For a dual reductive pair (G 1 , G 2 ) in Sp(W ), letḠ 1 be the inverse image of G 1 in Sp(W ), andḠ 2 the inverse image of G 2 . The groups G 1 andḠ 2 are known to commute. The Weil representation ω ψ of Sp(W ) can therefore be restricted toḠ 1 ×Ḡ 2 . Let π be an irreducible representation ofḠ 1 . Define
A(π) is a smooth representation ofḠ 1 ×Ḡ 2 , and can be written as
The following theorem is due to Waldspurger [Wa2] building on the earlier work of Howe.
Theorem 6
The representation θ 0 (π) is of finite length, and, if the residue characteristic of k is not 2, it has a unique irreducible quotient.
Notation : The unique irreducible quotient of θ 0 (π) is called the local theta lift of π, and is denoted by θ(π). We warn the reader that the representation ω ψ and hence θ(π) depends on the choice of the additive character ψ : k → C I * .
Examples: (i) For V = K, a quadratic extension of k thought of as a 2-dimensional vector space over k with the norm form as the quadratic form, SO(V ) = K 1 , and the theta lift from O(V ) to SL(2) can be used to construct representations of GL(2) from characters of K * . This construction is due to Shalika and Tannaka.
(ii) For V = D, the quaternion division algebra over k, together with the reduced norm as the quadratic form, SO(V ) is essentially D 1 × D 1 , and the theta lift from SL(2) to D 1 × D 1 is related to the JacquetLanglands correspondence between discrete series representations of GL(2) and representations of D * .
Remark :
The question about the field of definition of the Weil representation (cf. Remark 2 at the end of section 1) is interesting also because one could use it to give a field of definition to θ(π) in terms of a field of definition for π.
Global Theta Correspondence
Let A be the adele ring of a number field F. Let ψ: A/F → C I * be a non-trivial character. Let W = X ⊕Y be a symplectic vector space over F with X and Y maximal isotropic subspaces. We have S(X(A)) = ⊗ v S(X(F v )), and there is a pojective representation of Sp(W )(A) on it by taking the tensor product of local representations. This projective representation of Sp(W )(A) becomes an ordinary representation of a 2-fold cover Sp(W )(A) of Sp(W )(A).
The following theorem is due to Weil [We1] .
Theorem 7 The covering Sp(W )(A) → Sp(W )(A) splits over Sp(W )(F ). Now let (G 1 , G 2 ) be a dual reductive pair in Sp(W ) which is defined over F. Let π 1 be a cuspidal representation of G 1 , realised on a space of cusp forms on G 1 (F )\G 1 (A). For a function φ ∈ S(X(A)) and f ∈ π 1 , define
Because of this theorem, Sp(W )(F ) operates on S(X(A)
is an automorphic form on G 2 , and is called the theta lift of f .
Example: The theta function θ(z) = v∈L p(v)e πiq(v) defined in the introduction is such a lift from O(V ) to SL(2) where V is the quadratic space I R n with q as the qudratic form.
Basic questions for the global theta lift are (i) When is the space generated by θ φ (f ) for φ ∈ S(X(A)) and f in the representation space π 1 not identically zero?
(ii) What is the relation of the space spanned by θ φ (f ) to local theta correspondence?
As regards (ii) we have the following due to Rallis [Ra1] .
Theorem 8 If θ φ (f ) consists of cusp forms, then the space generated by them is irreducible and is ⊗θ v (π
Rallis has a theory about when θ φ (f ) is cuspidal in terms of "towers of theta lifts", which we review next; this theory also partially answers part (i) of the above question (see Theorem 5(ii) below).
Towers of theta lifts
Let V be an even dimensional quadratic space over a number field which does not represent any zero. Let I H be the two dimensional hyperbolic quadratic space (with quadratic form XY). The "towers of theta lifts" consists in looking at theta lifts from Sp(W ) to various O(V + nI H). The following theorem is due to S. Rallis [Ra1] .
Theorem 9 (i) Let π be a cuspidal automorphic representation of Sp(W ), and θ n (π) its theta lift to O(V + nI H). Let n 0 be the smallest integer ≥ 0 such that θ n 0 (π) = 0. Then θ n 0 (π) is cuspidal, and θ n (π), n ≥ n 0 , are non-zero, and never cuspidal for n > n 0 .
(ii) θ n (π) = 0 for n ≥ dimW .
There is an analogous statement in which W is varying in the tower I H, 2I H, . . . (I H now hyperbolic symplectic), or for dual reductive pairs consisting of unitary groups.
Remark: Let I j be the space of cusp forms on Sp(W ) whose theta lifts to O(V + jI H) is non-zero but is zero to O(V + iI H), i < j. Then the theorem above gives an interesting decomposition of the space S of cusp forms on Sp(W ) as
where dimW = 2n. The cusp forms in different I j 's behave quite differently.
The theory of towers of theta lifts works in the local case also when one replaces the word cuspidal by supercuspidal, cf. the work of Kudla in [Ku] . This work of Kudla in [Ku] determines the principal series in which θ n (π) lies as a subquotient in terms of θ n 0 (π), and is based on the calculation of the Jacquet functor of the Weil representation of Sp(V ⊗W ) with respect to the unipotent radical of maximal parabolics of O(V ) and Sp(W ).
Recently Harris, Kudla and Sweet have used these towers of theta lifts to construct a very interesting infinite family of supercuspidals on Unitary groups of dimension tending to infinity from one supercuspidal. We review this work briefly.
Let V and W be two Hermitian spaces over a quadratic extension K of a local field k. Let δ be a non-zero element of K whose trace to k is 0. Multiplication by δ turns a Hermitian space into a skewHermitian space, and therefore (U (V ), U (W )) form a dual reductive pair in Sp(V ⊗ K W ). By [HKS] the metaplectic cover of Sp(V ⊗ K W ) splits over U (V )×U (W ), the splitting depending on choice of characters
Here ω K/k is the quadratic character of k * associated to the quadratic extension K of k by local class field theory.
Note that there are two isomorphism classes of Hermitian or skewHermitian spaces of a given dimension depending on their discriminant over a non-archimedean local field.
The following theorem is due to Harris, Kudla and Sweet [HKS] . Here we fix the splitting of the metaplectic cover of Sp(V ⊗ K W ) over (U (V ), U (W )) for the choice of the characters χ 1 , χ 2 of K * with χ 1 = χ 2 = χ.
Theorem 10 (i) Suppose that π is a supercuspidal representation of U (V ). Then the theta lift of π to U (W ) is non-zero for exactly one Hermitian space W with dim(W ) = dim(V ).
(ii) Given a Hermitian space W with dim(W ) = dim(V ), the theta lift of π to U (W ) is non-zero if and only if
where (BC(π)⊗χ, ψ K ) is defined and studied via the "doubling-method" in [HKS] .
This theorem implies that starting with a supercuspidal representation π on U (V ), one can construct a supercuspidal representation on U (W ⊕ nI H) for n > 0, dim W = dim V, and the space W has the property that the theta lift of π to U (W ) is zero. Repeating the process one gets an infinite family of supercuspidal representations on unitary groups of increasing dimensions. This theorem of Harris, Kudla and Sweet also generalises Theorem 3 due to Rogawski. 7 An example of global theta lift: A theorem of Waldspurger
The theorem of Waldspurger [Wa1] completely describes the global theta correspondence between P GL(2) and SL (2), and is proto-type of theorems expected in general.
Theorem 11 (i) For a cuspidal automorphic representation π of P GL (2), θ π = 0 on SL(2) if and only if
(ii) For an automorphic representation π of SL (2) Remark : For generalisations of Waldspurger's theorem above, see the book of Rallis [Ra3] , and also a recent paper of Furusawa [Fu] .
Functoriality of theta correspondence
The basic question about local theta correspondence is to classify those representations π 1 of G 1 for which θ(π 1 ) = 0, and then to understand θ(π 1 ) which is a representation of G 2 in terms of the representation π 1 of G 1 . Here, for simplicity, we assume that the metaplectic cover of the symplectic group splits over G 1 × G 2 , and that we have fixed such a splitting to regard the Weil representation of the metaplectic group as a representation of G 1 ×G 2 , to define the theta correspondence between representations of G 1 and G 2 .
We recall that according to conjectures of Langlands, representations of a reductive group G over a local field k are parametrised by certain homomorphisms of the Weil-Deligne group W k of k into a complex group associated to G, called the L-group of G and denoted by L G :
This conjecture is known in the Archimedean case and in some other cases. The conjecture implies in particular that if there is a map be-
there is a way of associating representations of G 2 to representations of G 1 . Correspondence between representations of two groups arising in this way is said to be "functorial".
We refer to the work of Rallis [Ra2] in this regard which proves the functoriality of the theta correspondence for spherical representations. When the groups G 1 and G 2 are of "similar" size then again the theta lifting seems functorial. There are some conjectures and evidences on this by Adams in the Archimedean case [Ad1 ] , which are refined and extended by this author [P3] . However theta correspondence in general does not respect functoriality; see [Ad1] , and [HKS] .
We also refer to the recent work of Gelbart, Rogawski and Soudry [GRS] for rather complete information about theta lifting from U (2) to U (3) both locally and globally and its relation to functoriality.
The Siegel-Weil Formula
The aim of this section is to describe the Siegel-Weil formula which is at the heart of many applications of theta correspondence. It relates the integral of a theta function to an Eisenstein series. The simplest case of the Siegel-Weil formula is the identity
where Q is the set of integral positive definite even unimodular quadratic forms in 2n variables, and E n (Z) is the Eisenstein series of weight n for SL 2 (Z). We will be working with a number field F in this section. Let G = Sp(W ) be the symplectic group of rank n, and H = O(V ) be the orthogonal group of a quadratic space V over F which we assume has even dimension = 2m. Then G and H form a dual reductive pair inside Sp(V ⊗ W ). Since the dimension of V is assumed to be even, the metaplectic cover of Sp(V ⊗ W ) splits over G × H both locally and globally. Weil representation of Sp(V ⊗ W ) therefore gives rise to a representation ω of G(A) × H(A) on the Schwartz space S (V (A) n ). For φ ∈ S(V (A) n ), define the theta function as usual by
It is a theorem of Weil [We2] that the integral
converges if either V is an-isotropic (i.e., V does not represent any zero over F ), or if r is the dimension of the maximal isotropic subspace of V , then m > n + r + 1. For s ∈ C, let Φ(g, s) be the function on G(A) defined by
Here if g = pk where p ∈ P (A) for P the Siegel parabolic with GL(n)
as its Levi subgroup embedded as
inside Sp(2n), and
Let (., .) denote the Hilbert symbol of the number field F . For the quadratic space V with discriminant d(V ), let χ V denote the character of the idele class group of F defined by χ V (x) = (x, (−1) m d(V )). Let I n (s, χ V ) denote the principal series representation of Sp(n)(A) induced from the character g → |a(g)| s χ V (a(g)) of the Siegel parabolic subgroup. It is easy to see that the map sending φ to Φ(g, s 0 ) defines a G(A) intertwining map from S(V (A) n ) to I n (s 0 , χ V ). Define now the Eisenstein series by
The above series is absolutely convergent for Re(s) > , and has analytic continuation to all of complex plane; it is known to be holomorphic at s 0 = m−n−1 2 . The identity expressed in the following theorem is called the SiegelWeil formula.
Theorem 12 Assume that either V is an-isotropic over F , or if r is the dimension of the maximal isotropic subspace of V , then m > n + r + 1 so that the integral defining I(g, φ) is absolutely convergent.
, then with the notation as above, we have
where κ = 2 if m ≤ n + 1, and 1 otherwise. Remark : The local case of the map φ → Φ defined by
is also very important. By a theorem of Rallis [Ra1] , this induces an injection from S(V n ) O(V ) into I n (s 0 , χ V ). (Where for a representation X of a group E, X E denotes the maximal quotient of X on which E acts trivially.) The method of Weil representation gives an important method for the study of the Jordan-Hölder series of I n (s 0 , χ V ). For instance, Kudla and Rallis [KR3] prove that if m ≤ n + 1 then the image R n (V ) of S(V n ) in I n (s 0 , χ V ) is irreducible, and if V 1 and V 2 are the two distinct quadratic spaces with the same discriminant (if m = 2, and the discriminant = −1, then there is only one quadratic space), then R n (V 1 ) and R n (V 2 ) are distinct irreducible submodules of
] is also irreducible, and non-zero if and only if m < n + 1. If n + 1 < m ≤ 2n (if χ = 1, we exclude the value m = 2n; see [KR3] for this case), then R n (V 1 ) and R n (V 2 ) are maximal submodules of I n (s 0 , χ), and R n (V 1 ) ∩ R n (V 2 ) is irreducible. These results on Jordan-Holder series in turn find important application to theta liftings as in the work of [HKS] in the unitary case.
Application of theta correspondence to cohomology of Shimura variety
A Shimura variety is a topological space of the form Γ\G/K where G is a real Lie group, K a maximal compact subgroup of G, and Γ an arithmetic subgroup of G (An example : SL 2 (Z Z)\SL(2, I R)/SO (2)).
According to a theorem of Matsushima, if Γ\G/K is compact, then
where L 2 (G\Γ) = m(π)π. Therefore the calculation of the cohomology of a Shimura variety is equivalent to finding those automorphic representations whose component at infinity have non-trivial (G, K) cohomology.
The construction of cohomological automorphic representations of G depends on realising G as a member of a dual reductive pair (G, G ) with G small, and lifting automorphic representation of G which are discrete series at infinity. Cuspidal automorphic representations of a group with prescribed discrete series component at infinity are known to exist in plenty according to a theorem of Savin, and then the problem splits into two parts:
(i) Realisation of cohomological representations as theta lifts at infinity.
(ii) Determination of the condition under which the global theta lift is non-zero.
For (i), one knows by Vogan and Zuckermann [V-W] an explicit description of cohomological representations. The theta lifts are calculated via the method of Jacquet functors, [Li1] .
For (ii), observe that θ φ (f ) = 0 if and only if the inner product < θ φ (f ), θ φ (f ) > = 0. There is a formula for this inner product by Rallis [Ra3] involving special values of L-functions. Therefore we know it to be non-zero when the special value is at a point of absolute convergence. Actually, there are finitely many "bad" factors which might contribute a zero and which one needs to deal with also; see [Li2] , and [KR4] in a greater generality. The formula of Rallis generalises Waldspurger's result mentioned before, and is proved by expressing an integral of theta functions by an Eisenstein series by the Siegel-Weil formula, and then unfolding the integral.
Non-vanishing theorems about cohomology of Shimura variety via the method of theta correspondence were first proved by Kazhdan for SU (n, 1), and the most recent results are due to J.-S. Li. Here is an example from the work of Li ([Li2] , corollary 1.3).
Theorem 13 Let G = SO(p, q), Γ an arithmetic subgroup of G constructed by a skew-Hermitian form over a quaternion division algebra over a totally real field such that D is split at all but one real place. Then for p ≥ q, p + q = 2n ≥ 8, and for Γ deep enough, the qth Betti number of Γ is non-zero.
Recent generalisations of theta correspondence
There has been much activity recently in constructing analogues of the Weil representation, and understanding the associated theta correspondence. The characteristic property of the Weil representation taken for the purposes of this generalisation is the fact that the Weil representation is a rather small representation, in fact the smallest representation after the trivial representation. We will make this concept precise, but one can get some idea about it from the dimension formula for the Weil representation over finite field F q . The dimension of the Weil representation of Sp(2n, F q ) is q n , and it splits into two irreducible representation of dimension q n +1 2 and q n −1 2 , whereas the dimension of a generic representation of Sp(2n, F q ) is of the order of q n 2 . We now make precise the concept of smallness of a representation. For an irreducible representation π of G, define a distribution Θ π on the Lie algebra G of G as follows :
Theorem 14 (Harish-Chandra) For each nilpotent orbit θ, there exists a complex number C θ such that for all functions f with small support around the origin of G,
the summation is over the (finite) set of nilpotent orbits, and where µ θ is a G-invariant measure on the nilpotent orbit θ suitably normalised.
Definition:
(1) Wave front set W F (π) = ∪ C θ =0θ . , and φ 0 corresponds to the subregular unipotent orbit. The following theorem is due to G. Savin [Sa] .
Theorem 15 Let G be a simple, simply connected, simply laced split group over a local field F . Then the spherical representation π with the above as Satake parameter is minimal.
One can classify dual reductive pairs for general groups, cf. [Ru] , and in each case when minimal representations are constructed, one would like to prove if the analogue of the Howe duality conjecture is true. Next one would like to prove that the local minimal representations are part of global automorphic representations, and if so, this gives a construction of global automorphic representation on one member of a dual reductive pair in terms of the other just as in the case of the Weil representation. This is a very active area of research at the moment. Here is an example from the work of Gross and Savin[G-S] .
The pair (G 2 , P GSp(6)) is a dual reductive pair in E 7 . There exists a form of G 2 over Q Q which is compact at infinity, and split at all the finite places. The pair (G 2 , P GSp(6)) sits inside a form of E 7 which is of rank 3 at ∞ and split at all finite places. There is an automorphic form on E 7 constructed by H. Kim [Ki] which is minimal at all places. The theta lifts from automorphic form on G 2 to P GSp(6) using this is expected to correspond to the mapping of L-groups given by G 2 (C I) → Spin7(C I), as proved in [G-S] for many representations. The interest of this work of Gross and Savin is that they are able to lift automorphic forms from G 2 to P GSp(6) using this "exceptional" theta correspondence, and the automorphic form they get on P GSp(6) is of holomorphic kind, and so presumably has a motive associated to it, whose Galois group is G 2 (and not smaller as they take care to lift only those which have a Steinberg at a finite place).
